In this manuscript, we investigate the behaviour of additive mappings which satisfy a functional identity associated with generalized (α, β)-higher derivations on Lie ideals of a prime ring with involution. As the consequences of our main theorem, many well known results can be deduced.
Introduction
Hasse and Schmidt [1] were who extended the concept of derivations to higher derivations. More precisely, they supplied that D = {dn} n∈N , a family of additive mappings on R, is said to be a higher derivation (resp. Jordan higher derivation) on R if d0 = IR and dn(xy) = ∑ i+j=n di(x)dj(y) (resp. dn(x 2 ) = ∑ i+j=n di(x)dj(x)) for all x, y ∈ R and for each n ∈ N. It is easy to see that the first member of each higher derivation is itself a derivation. More related result can be find in [2] . Later *Corresponding author: E-mail: abdulnadimkhan@gmail.com on, Cortes and Haetinger [3] defined generalized higher derivations. A family F = (fi) i∈N of additive mapping of a ring R such that f0 = IR is said to be a generalized higher derivation (resp. generalized Jordan higher derivation) of R if there exists a higher derivation (resp. Jordan higher derivation) D = {dn} n∈N and for each n ∈ N, fn(xy) = ∑ i+j=n fi(x)dj(y) (resp. fn(
holds for all x, y ∈ R. Obviously, every generalized higher derivation is a generalized Jordan higher derivation but the converse need not to be true. The converse have been proved in [3] for square closed Lie ideals of a prime ring. Later, Wei and Xao [4] established this result for a 2torsion free semiprime ring. For an account on higher derivations, we refer the reader to [5, 6, 7] . In 2010, Ashraf et al [6] introduced the concept of (θ, ϕ)-higher derivations as follows: A family D of additive mappings dn on R is said to be a (θ, ϕ)-higher derivation of R if d0 = IR and dn(xy) = ∑ i+j=n di(θ n−i (x))dj(ϕ n−j (y)) for all x, y ∈ R and for each n ∈ N. Further, in [5] , Ashraf and Khan have acquanted the concept of generalized (θ, ϕ)-higher derivations and proved that every generalized Jordan (θ, ϕ)-higher derivations is a generalized (θ, ϕ)-higher derivation on Lie ideals of a prime ring R.
In [8] , Herstein proved that if a simple ring with char(R) ̸ = 2 and dim ≥ 4 admitting additive 
In 2015, Ezzat [14] have studied afforementioned results on generalized higher derivations.
Very recently, Husain et al. [11] extended Ezzat result for generalized (θ, ϕ)-higher derivations on a semiprime ring with involution. In the present paper, we study above mentioned theorem in the setting of generalized (θ, ϕ)-higher derivations on Lie ideals of a prime ring with involution.
Preliminaries and Main Result
Throughout this article, unless otherwise mentioned, R will denote an associative ring. A ring endowed with involution * is called a ring with involution or * -ring. For basic definitions and notations we refer the reader to [12] and [8] . An additive subgroup U of R is said to be a Lie ideal
We begin our discussion with following key lemma which will be extensively used to prove the main result.
The main result of the present paper is the following theorem. 
Proof. Our hypothesis is
for all u ∈ U . Linearization of above expression yields
). Our aim is to show ηn(u) = 0 for all u ∈ U . To show ηn(u) = 0, we prosecute by induction. If n = 0, then it is easy to obtain η0(u) = 0 for all u ∈ U . If n = 1, then one can easily prove the result by following [13, Theorem 2.3]. Now suppose ηm(u) = 0 for all u ∈ U , and for m < n. Set A = 2(fn(u(uv * + vu * ) + (uv * + vu * )u * )). In view of (2.2), we have A = 2( ∑ i+j=n fi(β n−i (u))dj(α n−j (uv * + vu * )) + fi(β n−i (uv * + vu * ))dj(α n−j (u * )))
This can be written as
In particular, we have
On the other hand, A can be written as
fi(β n−i (u))dp(β q α i (u))dq(α n−q (v * )) (2.5)
Compare (2.4) and (2.5) and use the fact that the characteristic of R is different from two, we get
In view of Lemma 2.1, we get ηn(u) ∈ Z(R) for all u ∈ U .
Next, putting v as v * in (2.2), we obtain
Replacing v by 2uv in above expression and using the fact that the characteristic of R is different from two, we get
On the other hand, replacement of u by u 2 in (2.7) gives
In view of the last two expressions, we have
In particular for, v = u gives for all u ∈ U . Linearization of (2.11) gives
for all u, v ∈ U . Putting u by −u in above expression and combining with it, we get
for all u, v ∈ U . On right multiplying by ηn(u) and using (2.11) and Lemma 2.1, we get ηn(u)α n (v)ηn(u) = 0 for all u, v ∈ U . Since α n is an automorphism, so we conclude that ηn(u) = 0 for all u ∈ U i.e., fn(u 2 ) = ∑ i+j=n fi(β n−i (u))dj(α n−j (u)) for all u ∈ U . Therefore in view of [5] Theorem 2.1, we get the required result. This completes the proof of the theorem.
As special case of the above theorem, and which are of independent interests, are the following corollaries: Then, d is a (α, β)-higher derivation on R.
Conclusions
This paper deals with the following * -differntial identity fn(xx * ) = ∑ i+j=n fi(α n−i (x))dj(β n−j (x * )) on a square close Lie ideal u of a prime ring R, where F = (fi)i∈N 0 is a family of additive maps associated with (α, β)-higher derivations of u into R. We inferred that F is a generalized (α, β)higher derivation of u into R.
